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Abstract
Non-singular dislocation continuum theories are studied. A comparison be-
tween Peierls-Nabarro dislocations and straight dislocations in strain gradient
elasticity is given. The non-singular displacement fields, non-singular stresses,
plastic distortions and dislocation core shapes are analyzed and compared for the
two models. The main conclusion of this study is that due to their characteristic
properties, the non-singular displacement fields, non-singular stresses and dislo-
cation core shape of screw and edge dislocations obtained in the framework of
strain gradient elasticity are more realistic and physical than the corresponding
fields of the Peierls-Nabarro model. Strain gradient elasticity of dislocations is a
continuum dislocation theory including a weak nonlocality within the dislocation
core and predicting the size and shape of the dislocation core. The disloca-
tion core is narrower in the strain gradient elasticity dislocation model than in
the Peierls-Nabarro model and more evenly distributed in two dimensions. The
present analysis shows that for the modeling of the dislocation core structure the
non-singular dislocation fields of strain gradient elasticity are the suitable ones.
Keywords: Dislocations, strain gradient elasticity, Peierls-Nabarro model, non-
locality, dislocation core.
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1 Introduction
Dislocations play an important role in the understanding of many phenomena in solid
state physics, materials science, crystallography and engineering. Dislocations are line
defects producing distortions and self-stresses in an otherwise perfect crystal lattice.
In particular, dislocations are the primary carrier of crystal plasticity. Whereas elas-
ticity theory describes well the long-range elastic strain and stress of a dislocation, it
breaks down in the dislocation core region and leads to a singularity at the dislocation
line. Singular dislocation solutions are often circumvented by introducing an artificial
core cut-off radius. This limits the applicability of the singular dislocation solutions
(Volterra dislocations) to describe the region near the dislocation line and the disloca-
tion core structure. In reality, every crystal dislocation has a dislocation core, a region
where the translational crystal symmetry is broken and the dislocation core structure is
different than the crystal structure of the perfect crystal. The dislocation core structure
strongly influences the properties of the imperfect crystal containing dislocations. To
model dislocations and especially dislocation cores in crystals, non-singular dislocation
theories can be used in material science in order to avoid the singularities at the dislo-
cation line of a Volterra dislocation. Non-singular dislocation theories are challenging
alternatives to atomistic dislocation theories which can be computationally expensive
and limited. Atomistic simulations use empirical interatomic potentials or ab initio
calculations. Empirical interatomic potentials involve fitting of parameters to a pre-
determined database and may not be reliable in predicting the core properties. In
addition, a real lattice theory of dislocations is still missing. Only the “point stress”
defined on lattice sides is known [2, 10, 62]. A formal definition of the elastic distor-
tion and dislocation density on lattice sides has never been given. Simple counting of
the deranged bonds for dislocations gives the position only up to a lattice distance.
The classical singular displacement fields of dislocations are usually used for inserting
a dislocation and setting up the initial structure for atomistic simulations (see [3, 62]).
Fitting to the elastic continuum fields far from the core is required for the position of
the dislocation. Therefore, in a molecular dynamics simulation one does not really know
where the dislocation is located; its location is always obtained from some interpolation
scheme [20]. However, for the study of the core structure of dislocations, atomistic
simulations are a useful tool. Thus, a non-singular dislocation continuum theory with
“easy-to-use” displacement, distortion and strain fields can be useful for an efficient
dislocation modeling.
In the 1940s, Peierls [53] and Nabarro [49] (see also [36, 37]) proposed a semi-
discrete model of edge dislocations in a simple cubic lattice that incorporates the effect
of lattice discreteness within a narrow region around the slip plane. The generalization
towards fcc crystals was given by Leibfried and Dietze [38] and Dietze [8] (see also [59]).
The Peierls-Nabarro model was the first continuum dislocation model that naturally
predicts that the dislocation core should have a finite width. It considers the spreading
of the dislocation core over the slip plane. Thus, the Peierls-Nabarro model provides
an analytical nonlinear elastic model of dislocations including the dislocation core. The
Peierls-Nabarro model takes account of the discreteness of the crystal lattice in the
y-direction and removes the artificial singularities at the dislocation core present in
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the Volterra dislocation model. Consequently, the Peierls-Nabarro model has been
used as a non-singular dislocation continuum model for the modeling of the dislocation
core structure in crystals (e.g. [3, 57, 58, 39, 40, 13, 66]). Furthermore, Lubarda and
Markenscoff [42, 43] (see also [41]) showed that the Peierls-Nabarro model may be
viewed as a variable core model of the Volterra dislocation. The variable core model
dislocation smears the Burgers vector, while producing on the slip plane the Peierls-
Nabarro sinusoidal relation between the stress and the slip discontinuity with a variable
dislocation width as a trigonometric identity unlike the original Peierls-Nabarro model
where such a sinusoidal relationship was assumed a priori. Moreover, the variable core
model reduces to the Peierls-Nabarro model with fixed core radius value and the far
fields coincide with the Volterra dislocation ones [42]. On the other hand, a nonlocal
version of the Peierls-Nabarro model where the atomic level stresses induced at the slip
plane depend in a nonlocal way on the slip degrees of freedom was proposed by Miller
et al. [44] (see also [54]). Miller et al. [44] showed that the locality assumption of the
original Peierls-Nabarro model may be inaccurate for a dislocation whose core is narrow.
This indicates that nonlocality is relevant for the modeling of narrow dislocation cores.
In the 1960s, Mindlin [45, 46] (see also [47]) proposed so-called strain gradient elas-
ticity theories which are generalizations of elasticity theory containing the information
of the crystal lattice by means of hyperstresses, additional material constants and in-
ternal characteristic lengths. Mindlin’s theory of strain gradient elasticity [45, 47] is
a well-suited framework to model the behavior of elastic materials at the nano-scale.
Using ab initio calculations, Shodja et al. [61] found that the characteristic length scale
parameters of Mindlin’s gradient elasticity theory are in the order of A˚ngstro¨m [A˚] for
several fcc and bcc materials. Thus, as a generalization of classical elasticity, gradient
elasticity becomes relevant for nano-mechanical phenomena at such length scales. The
correspondence between the strain gradient theory and the atomistic structure of mate-
rials with the nearest and next nearest interatomic interactions was exhibited by Toupin
and Grazis [64] (see also [1]). The discrete nature of solids is inherently incorporated
in the formulations through the characteristic lengths. The capability of strain gra-
dient theories in capturing size effects is a direct manifestation of the involvement of
characteristic lengths.
Simplified versions of strain gradient elasticity [30, 31, 32, 34, 28, 29], which are
particular cases of Mindlin’s theories, were proposed and used for dislocation modeling.
Simplified strain gradient elasticity theory with only one characteristic length scale pa-
rameter is known as strain gradient elasticity of Helmholtz type [30, 31]. Such strain
gradient elasticity model is a continuum model of dislocations with core spreading. In
other words, strain gradient elasticity delivers a dislocation continuum model with weak
nonlocality in the dislocation core region. Non-singular fields (displacement, distortion,
stress) of straight dislocations were obtained in the framework of gradient elasticity of
Helmholtz type by Lazar and Maugin [30, 32], Lazar et al. [31] (see also [16]). Lazar
and Maugin [30] were the first to use the framework of Mindlin’s gradient elasticity
with the remarkable outcome that both the stress and elastic strain singularities are
removed and regularized at the dislocation line in contrast to the classical, singular elas-
ticity solutions of Volterra dislocations. In addition, the strain gradient elasticity model
of dislocations is a continuum dislocation model predicting a realistic dislocation core
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and that the dislocation core has a finite width. It considers the spreading of the dis-
location core around the dislocation line. An important advantage of the non-singular
dislocation solutions is that they are defined and non-singular at the dislocation core
and at the dislocation line and, therefore, they can be used for the modeling of the core
structure of dislocations. In non-singular dislocation continuum theories, the disloca-
tion core radius rc is the measure of the size of the dislocation core, i.e. the region within
which the displacements, distortions and stresses are unlikely to be close to the values of
elasticity theory. Outside the dislocation core, the displacements, distortions, stresses
of non-singular dislocation continuum theory agree with the corresponding ones of the
Volterra dislocation model. Furthermore, the non-singular fields (displacement, distor-
tion, stress) of dislocation loops were given by Lazar [27, 28, 29]. Such non-singular
dislocation fields of dislocation loops obtained in strain gradient elasticity of Helmholtz
type [28, 29] were successfully implemented in 3D discrete dislocation dynamics [55]. In
a recent paper [56], the comparison between the non-singular stress fields of dislocations
obtained in strain gradient elasticity theory and molecular statics calculations of stress
fields of dislocations has been given for several materials and it shows a good agreement
between the two dislocation models even in the dislocation core region.
Although there exist also some other non-singular dislocation continuum theories in
the literature, the present paper is focused on strain gradient elasticity theory and the
Peierls-Nabarro model. We note that the non-singular stresses of straight dislocations
given by Gutkin and Aifantis [15] are “equivalent” to the non-singular stresses given
by Lazar and Maugin [30]. However, the non-singular solutions of straight dislocations
given by Gutkin and Aifantis [15] are based on an ad-hoc gradient modification of
Hooke’s law (see also [35, 30]). In addition, we do not consider the so-called non-singular
continuum theory of dislocations given by Cai et al. [4], because no displacement fields
of screw and edge dislocations have been derived in this theory. We refer to Po et al.
[55] for a comparison between Cai’s dislocation model and strain gradient elasticity
theory of dislocations and to Schoeck [58] for a comparison between the non-singular
stress fields of the Peierls-Nabarro model and of the model of Cai et al. [4]. We also
do not consider in this paper Eringen’s theory of nonlocal elasticity [11] since such a
framework removes the classical singularities in the stress fields, whereas the elastic
strain and displacement fields still possess the classical singularities. We mention also
that non-singular solutions for the displacement, elastic stain and stress fields of screw
and edge dislocations were given in the framework of the so-called dislocation gauge
theory [9, 24, 25, 26] which is not the subject of the present paper.
This work provides comparisons between the displacement, elastic distortion, stress,
plastic distortion and dislocation density fields for screw and edge dislocations in the
classical Volterra model, the Peierls-Nabarro model and the strain gradient elasticity
model of Helmholtz type. In detail, we compare two non-singular dislocation continuum
theories, namely the Peierls-Nabarro dislocation theory and the strain gradient elasticity
dislocation theory. The main aim of the paper is to compare the non-singular dislo-
cation fields of a Peierls-Nabarro dislocation with the non-singular fields of a straight
dislocation in strain gradient elasticity theory. We show which of these two dislocation
continuum theories gives better and more realistic results for the modeling of disloca-
tions in solids, especially for the dislocation core region.
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The outline of this paper is the following. In Section 2, we show and compare the
displacement fields, elastic distortion fields, stress fields, plastic distortion fields and
the dislocation density fields of a screw dislocation in classical incompatible elasticity,
Peierls-Nabarro model and incompatible strain gradient elasticity of Helmholtz type. In
Section 3, we show and compare the displacement fields, elastic distortion fields, stress
fields, plastic distortion fields and the dislocation density fields of an edge dislocation
in classical incompatible elasticity, Peierls-Nabarro model and incompatible strain gra-
dient elasticity of Helmholtz type. In Section 4, the most important outcomes of the
comparison between the two models are given in the conclusions. The fundamentals
of strain gradient elasticity of Helmholtz type are presented in Appendix A. In Ap-
pendix B, the characteristic length scales of Mindlin’s strain gradient elasticity theory
and strain gradient elasticity of Helmholtz type are given for several cubic materials.
2 Screw dislocation
In this section, we compare the dislocation fields of the classical dislocation model
(Volterra model), the Peierls-Nabarro model and the strain gradient elasticity model
for a screw dislocation. In the numerical analysis, we consider a screw dislocation in
tungsten since tungsten is an elastically isotropic material (see Appendix B).
2.1 Classical solution
y
x
Figure 1: Branch cut for w0 = − arctan(x/y).
Consider a screw dislocation at position (x, y) = (0, 0) whose Burgers vector bz
and dislocation line coincide with the direction of the z-axis of a Cartesian coordi-
nate system. In the framework of classical incompatible elasticity, the discontinuous
displacement field is given by
u0z =
bz
2π
w0(x, y) , (1)
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where w0(x, y) is the characteristic displacement profile function of a straight Volterra
dislocation and it possesses the symmetry
w0(x, y) = −w0(−x, y) . (2)
The field w0 of a Volterra screw dislocation fulfilling the condition (2) reads (see, e.g.,
[37])
w0(x, y) = − arctan x
y
, (3)
where − arctan x
y
has the range (−π
2
, 3π
2
). w0 is a single-valued function with a discon-
tinuity represented by a branch cut (see Fig. 1). The branch cut is given for y < 0:
− arctan 0
∓
y
= ±π . (4)
In the degenerate case when y = 0
− arctan x
y
=

π
2
, x < 0 ,
undefined , x = 0 ,
−π
2
, x > 0 .
(5)
At y → 0+: u0z(x < 0, 0+) = bz/4 and u0z(x > 0, 0+) = −bz/4. The profile of the
displacement field is plotted in Fig. 2.
The total distortion, consisting of the incompatible elastic distortion and the incom-
patible plastic distortion, is the gradient of the displacement (1) with (3) and has two
non-vanishing components in the case of a screw dislocation
βT,0zx = ∂xu
0
z = −
bz
2π
( y
r2
+ 2π δ(x)H(−y)
)
, (6)
βT,0zy = ∂yu
0
z =
bz
2π
x
r2
, (7)
where r =
√
x2 + y2. Here δ(x) denotes the one-dimensional Dirac delta function and
H(y) is the Heaviside step function defined by
H(y) =
{
0 , y < 0 ,
1 , y > 0 .
(8)
Because the last term in Eq. (6) is discontinuous and singular at the branch cut, it may
be identified with the plastic distortion
βP,0zx = −bz δ(x)H(−y) . (9)
This plastic distortion gives rise to a dislocation density of the screw dislocation ac-
cording to
α0zz = ∂yβ
P,0
zx = bz δ(x)δ(y) . (10)
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Figure 2: Displacement field near the dislocation line of a screw dislocation within
strain gradient elasticity for ℓ = 0.61a (solid line), the Peierls-Nabarro model for d = a
(small dashed line), and the Volterra model (dashed line) when y → 0+ are given in
units of bz/4.
It means that the dislocation is concentrated at the dislocation line. Thus, the disloca-
tion density of a Volterra dislocation is a singular Dirac δ-peak at the dislocation line
(x = 0, y = 0).
Moreover, the stresses of the Volterra screw dislocation are [7]
σ0zx = −
µbz
2π
y
r2
, (11)
σ0zy =
µbz
2π
x
r2
, (12)
where µ is the shear modulus. These fields are singular at the dislocation line (x =
0, y = 0).
2.2 Peierls-Nabarro solution
Let us now consider the corresponding fields of a screw dislocation within the Peierls-
Nabarro dislocation model. The Peierls-Nabarro dislocation model accounts for the
discreteness of the crystalline lattice. It considers the spreading of the dislocation core
in the y = 0 plane (slip plane). In the Peierls-Nabarro model, the crystal is separated
into two half spaces, one above and one below the slip plane at y = 0. The dislocation
core is considered as distribution of mismatch across the slip plane. The half-width of
a Peierls-Nabarro dislocation is the distance where the displacement has reached half
its maximum value. Note that in the variable core model [42, 43], such a separation of
the crystal into two elastic half-spaces by the distance d is not necessary and therefore
the width or size of a dislocation can be considered as independent parameter in such
a framework.
The displacement field of the Peierls-Nabarro screw dislocation at position (0, 0) is
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given by [37, 18]
uPNz = −
bz
2π
arctan
x
y ± η , (13)
where η = d/2 is the half-width of the Peierls-Nabarro screw dislocation core and d
is the interplanar spacing across the plane y = 0. The plus sign in y ± η is taken in
the half-plane y > 0 and the minus sign is taken in the half-plane y < 0. In the limit
y → 0+, the displacement discontinuity (13) is
uPNz (x, y → 0+) = −
bz
2π
arctan
x
η
. (14)
The profile of the displacement field (14) is plotted in Fig. 2 for d = a, where a is
the lattice parameter. Eq. (14) gives a dislocation core spreading in the x-direction
with a wide dislocation core due to the two tails approaching the profile of a Volterra
dislocation at about 10a. Note that the displacement profile (14) corresponds to a
localized “kink” or “soliton”centered about x = 0, which takes uPNz (x =∞, y → 0+) =
−uPNz (x = −∞, y → 0+) = −bz/4.
The non-vanishing components of the stress of a Peierls-Nabarro screw dislocation
are (see, e.g., [23, 18])
σPNzx = −
µbz
2π
y ± η
x2 + (y ± η)2 , (15)
σPNzy =
µbz
2π
x
x2 + (y ± η)2 . (16)
Note that there is no singularity in the displacement, strains, and stresses; however
discontinuities are present in the displacement, strains, and stresses (see Figs. 2–4).
The stress (15) is discontinuous across the y = 0 plane, namely
σPNzx (x, y → 0±) = ∓
µbz
2π
η
x2 + η2
(17)
and at the dislocation line
σPNzx (0, y → 0±) = ∓
µbz
2πη
. (18)
The stress σPNzy has its extreme value |σPNzy (x, 0)| = µbz4πη at |x| = η. For η = a/2: σPNzy
has its extreme value |σPNzy (x, 0)| = µbz2πa at |x| = a/2, and σPNzx (0, 0±) = ∓µbzπa . Moreover,
the stresses σPNzx and σ
PN
zy become very large in the core region and at the dislocation
line (see Fig. 3). The stresses are plotted in Fig. 4 for d = a.
Following the so-called Eshelby smearing (ramp-core) technique [12] (see also [52,
67]), we replace the δ(x)-function in the classical plastic distortion (9) by the δ-sequence
fη(x):
fη(x) =
1
π
η
x2 + η2
(19)
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Figure 3: Stress fields of a screw dislocation: strain gradient elasticity model for ℓ =
0.61a (solid line), Peierls-Nabarro model for d = a (small dashed line), and Volterra
model (dashed line) are given in units of µbz/[2πa].
and obtain for the plastic distortion of a Peierls-Nabarro screw dislocation
βP,PNzx = β
P,0
zx ∗ fη = −bzfη(x)H(−y) = −
bz
π
η
x2 + η2
H(−y) , (20)
where ∗ denotes the one-dimensional convolution in the variable x. Unlike the classical
plastic distortion which is singular at x = 0 due to δ(x) in Eq. (9), Eq. (20) is smooth
there (see Fig. 6). The plastic distortion (20) possesses a minimum at the dislocation
line
βP,PNzx (0, y < 0) = −
bz
πη
. (21)
The corresponding dislocation density of a Peierls-Nabarro screw dislocation is
αPNzz = ∂yβ
P,PN
zx = bzfη(x)δ(y) =
bz
π
η
x2 + η2
δ(y) . (22)
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Figure 4: Stress fields of a Peierls-Nabarro screw dislocation (d = a) near the dislocation
line: (a) σPNzx and (b) σ
PN
zy are given in units of µbz/[2πa] .
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Figure 5: Stress fields of a screw dislocation in strain gradient elasticity for ℓ = 0.61a
near the dislocation line: (a) σzx and (b) σzy are given in units of µbz/[2πa] .
It can be seen that the relation αPNzz = α
0
zz ∗ fη holds. In comparison with the classical
plastic distortion (9) and the classical dislocation density (10), the Peierls-Nabarro
model regularizes only in the x-variable. Thus, the Peierls-Nabarro screw dislocation
is smeared out in the x-direction and is non-zero at y = 0, due to the Delta-function
δ(y). In Eq. (22), it can be seen that the dislocation density of a Peierls-Nabarro screw
dislocation is still singular, due to the Delta-function δ(y). Such a dislocation core is
usually called ramp-core or flat-core (e.g. [52]). A ramp-core is not realistic since a
dislocation core is extended in reality in two-dimensions (see, e.g., [21]).
2.3 Gradient solution
Let us now consider the corresponding fields of a screw dislocation within the theory
of strain gradient elasticity of Helmholtz type given by Lazar and Maugin [30, 32]. In
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strain gradient elasticity, the displacement field of a screw dislocation is
uz =
bz
2π
w(x, y) , (23)
where the displacement profile function w(x, y) is given by
w = w0 +
∫ ∞
0
s sin(sx)
s2 + 1
ℓ2
[
sgn(y) e
−|y|
√
s2+ 1
ℓ2 + 2H(−y)
]
ds , (24)
using Fourier transform [32] (see also [5]). Here ℓ is the characteristic length of strain
gradient elasticity of Helmholtz type and sgn(y) denotes the signum function defined
by
sgn(y) =
{
−1 , y < 0 ,
1 , y > 0 ,
(25)
or in terms of the Heaviside function
sgn(y) = 2H(y)− 1 . (26)
When y → 0+, the displacement field (24) takes the form:
w(x, y → 0+) = −π
2
sgn(x)
{
1− e−|x|/ℓ} . (27)
The gradient term appearing in Eq. (27) leads to a smoothing of the displacement
profile unlike the jump occurring in the classical solution (see Fig. 2). The smoothing
depends on the length scale ℓ. The asymptotic limits are
uz(x, 0
+) =
bz
4
as x→ −∞ and uz(x, 0+) = −bz
4
as x→∞ . (28)
With this smoothing of the displacement profile the dislocation core radius can be
defined in terms of the length scale ℓ and is about 5ℓ. In the displacement profile
(Fig. 2), it can be seen that the dislocation core of a screw dislocation in gradient
elasticity is narrower than the core of a Peierls-Nabarro dislocation. For the chosen
value of ℓ = 0.61a (W), the dislocation core radius is about 3a (see Fig. 2).
The incompatible elastic distortions read [32, 28]
βzx = − bz
2π
y
r2
{
1− r
ℓ
K1(r/ℓ)
}
, (29)
βzy =
bz
2π
x
r2
{
1− r
ℓ
K1(r/ℓ)
}
, (30)
which are non-singular.
The stress components of a screw dislocation in strain gradient elasticity are [30, 15]
σzx = −µbz
2π
y
r2
{
1− r
ℓ
K1(r/ℓ)
}
, (31)
σzy =
µbz
2π
x
r2
{
1− r
ℓ
K1(r/ℓ)
}
, (32)
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Figure 6: Plastic distortion of a screw dislocation in strain gradient elasticity for ℓ =
0.61a (solid line) and Peierls-Nabarro model for η = a/2 (small dashed line) given in
units of bz/a.
where Kn denotes the modified Bessel function of order n. The appearance of the mod-
ified Bessel function K1 in Eqs. (29) and (32) leads to the regularization of the classical
singularity of order O(1/r) at the dislocation line and gives non-singular stresses and
non-singular elastic distortions. The non-singular stresses are zero at the dislocation
line. The stress σzy has its extreme value |σzy(x, 0)| ≃ 0.399µbz2πℓ at |x| ≃ 1.114ℓ, whereas
the stress σzx has its extreme value |σzx(0, y)| ≃ 0.399µbz2πℓ at |y| ≃ 1.114ℓ. For W
with ℓ = 0.61a (see Appendix B): σzy has its extreme value |σzy(x, 0)| ≃ 0.654 µbz2πa at
|x| ≃ 0.68a, whereas σzx has its extreme value |σzx(0, y)| ≃ 0.654 µbz2πa at |y| ≃ 0.68a.
The non-singular stresses are plotted in Figs. 3 and 4.
In strain gradient elasticity, the plastic distortion tensor is given by
βPzx = −
bz
2π
∫ ∞
0
cos(sx)
1 + ℓ2s2
[
sgn(y) e
−|y|
√
s2+ 1
ℓ2 + 2H(−y)
]
ds . (33)
When y → 0, the plastic distortion (33) takes the form:
βPzx(x, y → 0) = −
bz
2π
π
2
1
ℓ
e−|x|/ℓ . (34)
Unlike the classical plastic distortion which is singular at x = 0 due to δ(x) in Eq. (9),
Eq. (34) is smooth there (see Fig. 6). The plastic distortion (34) possesses a minimum
at the dislocation line
βPzx(0, 0) = −
bz
4ℓ
. (35)
The corresponding dislocation density of a screw dislocation is [32, 31]
αzz =
bz
2πℓ2
K0(r/ℓ) . (36)
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Figure 7: Contour of the dislocation density of a screw dislocation in strain gradient
elasticity for ℓ = 0.61a.
In general, the dislocation density tensor defines the dislocation core region and deter-
mines the shape and size of the dislocation core. For that reason, one could call αij
the dislocation core tensor. Eq. (36) models the dislocation core region as a disk in the
xy-plane in a realistic manner. The dislocation density tensor (36) is only non-zero in
the dislocation core. Therefore, Eq. (36) obtained in strain gradient elasticity describes
a dislocation core spreading (see Fig. 7) and represents the weak nonlocality present in
the dislocation core region. Fig. 7 shows that the dislocation core radius is obtained as
2.5a ≤ rc ≤ 3a for W. However, the dislocation density (36) obtained in strain gradient
elasticity of Helmholtz type contains a logarithmic singularity at the dislocation line
due to the near-field behavior of the modified Bessel function, K0(r/ℓ) ≃ −
[
ln r
2ℓ
+ γ
]
,
where γ denotes the Euler constant. For a non-singular dislocation density of a straight
dislocation, strain gradient elasticity of bi-Helmholtz type can be used as shown in
[32, 34].
3 Edge dislocation
In this section, we compare the dislocation fields of the classical dislocation model
(Volterra model), the Peierls-Nabarro model and the strain gradient elasticity model
for an edge dislocation. In the numerical analysis, we consider an edge dislocation in
tungsten.
3.1 Classical solution
We consider a Volterra edge dislocation at position (0, 0) whose Burgers vector is par-
allel to the x-axis and the dislocation line coincides with the z-axis of the Cartesian
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coordinate system. We use the classical displacements with the branch cut at x = 0
and for y < 0 given by Nabarro [50, 51]
u0x =
bx
2π
(
w0(x, y) +
xy
2(1− ν)r2
)
, (37)
u0y = −
bx
4π(1− ν)
(
(1− 2ν) ln r − y
2
r2
)
, (38)
where the displacement profile function w0(x, y) is given in Eq. (3) and ν is the Poisson
ratio. Note that only w0(x, y) is discontinuous due to the jump. All other parts of the
displacements (37) and (38) are continuous. In addition, the first part of Eq. (38) has a
logarithmic singularity. The non-vanishing components of the elastic distortion are [7]
β0xx = −
bx
4π(1− ν)
y
r2
{
(1− 2ν) + 2x
2
r2
}
, (39)
β0xy =
bx
4π(1− ν)
x
r2
{
(3− 2ν)− 2y
2
r2
}
, (40)
β0yx = −
bx
4π(1− ν)
x
r2
{
(1− 2ν) + 2y
2
r2
}
, (41)
β0yy = −
bx
4π(1− ν)
y
r2
{
(1− 2ν)− 2x
2
r2
}
, (42)
and the stress components are
σ0xx = −
µbx
2π(1− ν)
y
r4
(
y2 + 3x2
)
, (43)
σ0yy = −
µbx
2π(1− ν)
y
r4
(
y2 − x2) , (44)
σ0xy =
µbx
2π(1− ν)
x
r4
(
x2 − y2) , (45)
σ0zz = −
µbxν
π(1− ν)
y
r2
, (46)
which are singular at the dislocation line (x = 0, y = 0).
In addition, the plastic distortion reads
β0,Pxx = −bx δ(x)H(−y) , (47)
which is caused by the jump of w0(x, y). The dislocation density of a single edge
dislocation located at the position (0, 0) has the following non-vanishing component
(see, e.g., [7])
α0xz = ∂yβ
0,P
xx = bx δ(x)δ(y) . (48)
These fields are singular at the dislocation line (x = 0, y = 0).
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Figure 8: Displacement fields of an edge dislocation in strain gradient elasticity for
ℓ = 0.61a (solid line), Peierls-Nabarro model for d = a (small dashed line), and Volterra
model (dashed line): a) ux is given in units of bx/4, and b) uy is given in units of
bx/[4π(1− ν)] for ν = 0.28.
3.2 Peierls-Nabarro solution
Let us consider the corresponding fields of an edge dislocation within the Peierls-
Nabarro dislocation model. For a Peierls-Nabarro edge dislocation, the displacement
fields are given by [36, 51, 43]
uPNx = −
bx
2π
(
arctan
x
y ± ζ −
1
2(1− ν)
xy
x2 + (y ± ζ)2
)
, (49)
uPNy = −
bx
4π(1− ν)
(
(1− 2ν) ln
√
x2 + (y ± ζ)2
b2x
− y(y ± ζ)
x2 + (y ± ζ)2
)
, (50)
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where ζ = d/[2(1 − ν)] is the half-width of the Peierls-Nabarro edge dislocation core.
In the limit y → 0+, the displacements (49) and (50) become
uPNx (x, y → 0+) = −
bx
2π
arctan
x
ζ
, (51)
uPNy (x, y → 0+) = −
bx(1− 2ν)
4π(1− ν) ln
√
x2 + ζ2
b2x
. (52)
fulfilling the condition uPNx (x =∞, y → 0+) = −uPNx (x = −∞, y → 0+) = −bx/4. The
displacement fields of a Peierls-Nabarro edge dislocation are plotted in Fig. 8 for d = a.
It can be seen that they are non-singular and that Eq. (51) represents the displacement
discontinuity along the slip plane.
The non-vanishing stress components of the Peierls-Nabarro edge dislocation are [23,
18, 41, 43]
σPNxx = −
µbx
2π(1− ν)
{
y ± 2ζ
x2 + (y ± ζ)2 +
2x2y
[x2 + (y ± ζ)2]2
}
, (53)
σPNyy = −
µbx
2π(1− ν)
{
y
x2 + (y ± ζ)2 −
2x2y
[x2 + (y ± ζ)2]2
}
, (54)
σPNxy =
µbx
2π(1− ν)
{
x
x2 + (y ± ζ)2 −
2xy(y ± ζ)
[x2 + (y ± ζ)2]2
}
, (55)
σPNzz = −
µbxν
π(1− ν)
y ± ζ
x2 + (y ± ζ)2 . (56)
The stress components (53)–(56) are plotted in Figs. 9 and 10. One can see that the
stresses of a Peierls-Nabarro edge dislocation are non-singular. However, the stresses (53)
and (56) are discontinuous across the y = 0 plane, namely
σPNxx (x, y → 0±) = ∓
µbx
2π(1− ν)
2ζ
x2 + ζ2
, σPNzz (x, y → 0±) = ∓
µbxν
π(1− ν)
ζ
x2 + ζ2
(57)
and at the dislocation line
σPNxx (0, y → 0±) = ∓
µbx
π(1− ν)ζ , σ
PN
zz (0, y → 0±) = ∓
µbxν
π(1− ν)ζ . (58)
For d = a and ζ = a/[2(1− ν)], the jumps are
σPNxx (0, y → 0±) = ∓
2µbx
πa
, σPNzz (0, y → 0±) = ∓
2µbxν
πa
. (59)
The stresses σPNxy and σ
PN
yy have the following extreme values: |σPNxy (x, 0)| = µbx4π(1−ν)ζ at
|x| = ζ and |σPNyy (0, y)| = µbx8π(1−ν)ζ at |y| = ζ. For W with ν = 0.28 [63]: ζ ≃ 0.7a and
1/ζ ≃ 1.44/a, and |σPNxy (x, 0)| = µbx2πa at |x| ≃ 0.7a and |σPNyy (0, y)| = µbx8πa at |y| ≃ 0.7a.
Moreover, the stresses σPNxx and σ
PN
zz become very large in the dislocation core region
and at the dislocation line (see Fig. 9). The stresses are plotted in Fig. 10 for d = a.
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Figure 9: Stress components of an edge dislocation: (a) σxx(0, y), (b) σyy(0, y), (c)
σxy(x, 0) are given in units of µbx/[2π(1 − ν)a] and (d) σzz(0, y) is given in units of
µbxν/[π(1− ν)a] for strain gradient elasticity model for ℓ = 0.61a (solid line), Peierls-
Nabarro model for d = a (small dashed line), and Volterra model (dashed line) with
ν = 0.28.
17
-5
-2.5
0
2.5
5
-5
-2.5
0
2.5
5
-2
0
2
y/ax/a
(a) (b)
y/ax/a
-5
-2.5
0
2.5
5
-5
-2.5
0
2.5
5
-0.5
0
0.5
-5
-2.5
0
2.5
5
-5
-2.5
0
2.5
5
-0.4
-0.2
0
0.2
0.4
y/ax/a
(c)
y/ax/a
(d)
-5
-2.5
0
2.5
5
-5
-2.5
0
2.5
5
-1
0
1
Figure 10: Stress fields of a Peierls-Nabarro edge dislocation for d = a: (a) σxx, (b)
σxy, (c) σyy are given in units of µbx/[2π(1 − ν)a] and (d) σzz is given in units of
µbxν/[π(1− ν)a].
Using again the Eshelby smearing (ramp-core) technique [12], we replace the δ(x)-
function in the classical plastic distortion (47) by the δ-sequence fζ(x):
fζ(x) =
1
π
ζ
x2 + ζ2
(60)
and obtain for the plastic distortion of a Peierls-Nabarro edge dislocation
βP,PNxx = β
P,0
xx ∗ fζ = −bxfζ(x)H(−y) = −
bx
π
ζ
x2 + ζ2
H(−y) . (61)
The plastic distortion (61) possesses a minimum at the dislocation line
βP,PNxx (0, y < 0) = −
bx
πζ
. (62)
The corresponding dislocation density of a Peierls-Nabarro edge dislocation reads
αPNxz = ∂yβ
P,PN
xx = bxfζ(x)δ(y) =
bx
π
ζ
x2 + ζ2
δ(y) . (63)
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Figure 11: Stress fields of an edge dislocation in strain gradient elasticity for ℓ = 0.61a:
(a) σxx, (b) σxy, (c) σyy are given in units of µbx/[2π(1 − ν)a] and (d) σzz is given in
units of µbxν/[π(1− ν)a].
It can be seen that the relation αPNxz = α
0
xz ∗ fζ is fulfilled. In Eq. (63), it can be seen
that the dislocation density of a Peierls-Nabarro edge dislocation is still singular, due
to the Delta-function δ(y).
3.3 Gradient solution
Let us now consider the corresponding fields of an edge dislocation within the theory
of strain gradient elasticity of Helmholtz type given by Lazar and Maugin [30, 32, 33].
In strain gradient elasticity, the displacement fields of an edge dislocation are [32, 33]
ux =
bx
4π(1− ν)
{
2(1− ν)w(x, y) + xy
r2
− 4ℓ2 xy
r4
+
2xy
r2
K2(r/ℓ)
}
, (64)
uy = − bx
4π(1− ν)
{
(1− 2ν)( ln r +K0(r/ℓ))− y2
r2
− 2ℓ2 x
2 − y2
r4
+
x2 − y2
r2
K2(r/ℓ)
}
,
(65)
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where the displacement profile function w(x, y) is given in Eq. (24). The displacement
fields (64) and (65) are plotted in Fig. 8. Both displacement fields are non-singular and
the field (64) possesses a discontinuity due to the dislocation profile function w(x, y).
The incompatible elastic distortion of an edge dislocation is given by [32, 28]
βxx = − bx
4π(1− ν)
y
r2
{
(1− 2ν) + 2x
2
r2
+
4ℓ2
r4
(y2 − 3x2)− 2(y
2 − 3x2)
r2
K2(r/ℓ)
− 2(y
2 − νr2)
ℓr
K1(r/ℓ)
}
, (66)
βxy =
bx
4π(1− ν)
x
r2
{
(3− 2ν)− 2y
2
r2
− 4ℓ
2
r4
(x2 − 3y2) + 2(x
2 − 3y2)
r2
K2(r/ℓ)
− 2
(
y2 + (1− ν)r2)
ℓr
K1(r/ℓ)
}
, (67)
βyx = − bx
4π(1− ν)
x
r2
{
(1− 2ν) + 2y
2
r2
+
4ℓ2
r4
(x2 − 3y2)− 2(x
2 − 3y2)
r2
K2(r/ℓ)
+
2
(
y2 − (1− ν)r2)
ℓr
K1(r/ℓ)
}
, (68)
βyy = − bx
4π(1− ν)
y
r2
{
(1− 2ν)− 2x
2
r2
− 4ℓ
2
r4
(y2 − 3x2) + 2(y
2 − 3x2)
r2
K2(r/ℓ)
− 2(x
2 − νr2)
ℓr
K1(r/ℓ)
}
. (69)
The stress components of an edge dislocation in strain gradient elasticity are [30, 15]
σxx = − µbx
2π(1− ν)
y
r4
{(
y2 + 3x2
)
+
4ℓ2
r2
(
y2 − 3x2)− 2y2 r
ℓ
K1(r/ℓ)
− 2(y2 − 3x2)K2(r/ℓ)} , (70)
σyy = − µbx
2π(1− ν)
y
r4
{(
y2 − x2)− 4ℓ2
r2
(
y2 − 3x2)− 2x2 r
ℓ
K1(r/ℓ)
+ 2
(
y2 − 3x2)K2(r/ℓ)} , (71)
σxy =
µbx
2π(1− ν)
x
r4
{(
x2 − y2)− 4ℓ2
r2
(
x2 − 3y2)− 2y2 r
ℓ
K1(r/ℓ)
+ 2
(
x2 − 3y2)K2(r/ℓ)} , (72)
σzz = − µbxν
π(1− ν)
y
r2
{
1− r
ℓ
K1(r/ℓ)
}
. (73)
The stresses (70)–(73) are non-singular and continuous. In addition, they are zero at the
dislocation line. In fact, the “classical” singularities are eliminated. The stresses (70)–
(73) have the following extreme values: |σxx(0, y)| ≃ 0.546 µbx2π(1−ν)ℓ at |y| ≃ 0.996ℓ,
|σyy(0, y)| ≃ 0.260 µbx2π(1−ν)ℓ at |y| ≃ 1.494ℓ, |σxy(x, 0)| ≃ 0.260 µbx2π(1−ν)ℓ at |x| ≃ 1.494ℓ,
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Figure 12: Core spreading function (dislocation density) in strain gradient elasticity for
ℓ = 0.61a (solid line) and Peierls-Nabarro model for η = a/2 (small dashed line).
and |σzz(0, y)| ≃ 0.399 µbxνπ(1−ν)ℓ at |y| ≃ 1.114ℓ. For W with ℓ = 0.61a: |σxx(0, y)| ≃
0.895 µbx
2π(1−ν)a at |y| ≃ 0.61a, |σyy(0, y)| ≃ 0.426 µbx2π(1−ν)a at |y| ≃ 0.91a, |σxy(x, 0)| ≃
0.426 µbx
2π(1−ν)ℓ at |x| ≃ 0.91a, and |σzz(0, y)| ≃ 0.654 µbxνπ(1−ν)a at |y| ≃ 0.68a. The non-
singular stresses are plotted in Figs. 9 and 10.
The plastic distortion and the dislocation density of an edge dislocation in strain
gradient elasticity are [32]
βPxx = −
bx
2π
∫ ∞
0
cos(sx)
1 + ℓ2s2
[
sgn(y) e
−|y|
√
s2+ 1
ℓ2 + 2H(−y)
]
ds , (74)
αxz =
bx
2πℓ2
K0(r/ℓ) . (75)
Such a two-dimensional dislocation core shape is in agreement with the measurement
of the dislocation core distribution by digital processing of high transmission electron
microscopy micrographs [21]. Moreover, the dislocation density tensor (75) obtained
in strain gradient elasticity describes a dislocation core spreading in agreement with
atomistic modeling [17].
4 Conclusions
In this paper, we have compared the Peierls-Nabarro dislocation continuum model
with the strain gradient elasticity dislocation model. We have shown that the strain
gradient elasticity dislocation model represents a more realistic dislocation continuum
model than the Peierls-Nabarro model of dislocations.
First of all, the non-singular stresses of dislocations in strain gradient elasticity are
not so large in the dislocation core and at the dislocation line as the non-singular stresses
of the Peierls-Nabarro dislocations. Second, the non-singular stresses of dislocations in
strain gradient elasticity are everywhere continuous and they are zero at the disloca-
tion line, whereas some components of the non-singular stresses of the Peierls-Nabarro
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dislocations possess discontinuities (jumps) across the y = 0 plane. Nonetheless, for
the Peierls-Nabarro model the stresses as well as the elastic strains are very large in
order to be realistic in the core region. The profile (in x-direction) of the displace-
ment jump of a Peierls-Nabarro dislocation is wider than that of a dislocation in the
strain gradient elasticity dislocation model. Using the displacement profile of disloca-
tions, strain gradient elasticity leads to a narrower dislocation core than the core of
a Peierls-Nabarro dislocation. In addition, strain gradient elasticity is a non-singular
dislocation continuum theory including weak nonlocality in the dislocation core region.
In the Peierls-Nabarro dislocation model, nonlinearity is present across the y = 0 plane,
whereas in the strain gradient elasticity dislocation model, nonlocality is present in the
dislocation core region. In the Peierls-Nabarro dislocation model, the dislocation core
has the shape of a line in x-direction (flat core or ramp core) in the y = 0 plane,
whereas the strain gradient elasticity dislocation model, the dislocation core has the
shape of a disk (isotropic core) in the xy-plane. From that point of view, strain gra-
dient elasticity is able to model a more realistic two-dimensional dislocation core than
the one-dimensional ramp-core or flat core of the Peierls-Nabarro dislocations. The size
of the dislocation core is only a few atoms wide (see Fig. 12).
In the Peierls-Nabarro model of straight dislocations, the regularization function,
which has the physical meaning of the dislocation core spreading function is a one-
dimensional delta sequence (Lorentzian-type) fε(x), which is a continuous distribution
on a line known from the theory of generalized functions [14, 19]. The regularization of
the dislocation fields in the Peierls-Nabarro model of straight dislocations is given by
(see also [23, 67, 18, 42, 52])
uPNi (x, y) = u
0
i (x, y) ∗ fε(x) , (76)
βPNij (x, y) = β
0
ij(x, y) ∗ fε(x) , (77)
σPNij (x, y) = σ
0
ij(x, y) ∗ fε(x) , (78)
βP,PNij (x, y) = β
P,0
ij (x, y) ∗ fε(x) , (79)
αPNij (x, y) = α
0
ij(x, y) ∗ fε(x) , (80)
where ∗ denotes the one-dimensional convolution in the variable x. For a screw dislo-
cation ε = η and for an edge dislocation ε = ζ. However, in the variable core model
[42, 43] the half-size of the dislocation core should be considered as independent param-
eter unlike the original Peierls-Nabarro model where it was based on the assumption
of the sinusoidal relationship between the shear stress and the slip discontinuity along
the slip plane.
In the strain gradient elasticity model of straight dislocations, the regularization
function which has the physical meaning of the dislocation core spreading function is
the two-dimensional Green function of the (modified) Helmholtz operator L [68, 65]
LGL(x, y) = δ(x)δ(y) , with L = 1− ℓ2∆ , (81)
where ∆ is the Laplace operator. GL(x, y) is also a delta sequence. The regularization
of the dislocation fields in the strain gradient elasticity theory of straight dislocations
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Table 1: Comparison between the Peierls-Nabarro dislocation model and the strain
gradient elasticity dislocation model for straight dislocations.
Peierls-Nabarro model Gradient elasticity model
physical motivation nonlinearity nonlocality
regularization in x-direction isotropic in the xy-plane
core spreading fε(x) =
1
π
ε
x2 + ε2
GL(x, y) =
1
2πℓ2
K0(r/ℓ)
function Lorentzian modified Bessel function K0
core parameter ε > 0 ℓ > 0
core shape flat core (1D) isotropic (2D)
classical limit lim
ε→0
fε(x) = δ(x) lim
ℓ→0
GL(x, y) = δ(x)δ(y)
normalization
∫
R fε(x) dx = 1
∫
R2 G
L(x, y) dx dy = 1
dislocation density αPNiz = bi fε(x)δ(y) αiz = biG
L(x, y)
stress non-singular, discontinuous non-singular, continuous
displacement non-singular, discontinuous non-singular, discontinuous
is given by (see [32, 28, 29])
ui(x, y) = u
0
i (x, y) ∗GL(x, y) , (82)
βij(x, y) = β
0
ij(x, y) ∗GL(x, y) , (83)
σij(x, y) = σ
0
ij(x, y) ∗GL(x, y) , (84)
βPij(x, y) = β
P,0
ij (x, y) ∗GL(x, y) , (85)
αij(x, y) = α
0
ij(x, y) ∗GL(x, y) , (86)
where ∗ denotes the two-dimensional convolution in x and y.
A comparison between the Peierls-Nabarro dislocation model and the strain gradient
elasticity dislocation model is given in Table 1. It becomes evident that the strain
gradient elasticity dislocation model represents a better and more physical dislocation
continuum model than the Peierls-Nabarro dislocation model.
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A Strain gradient elasticity theory of Helmholtz type
In this Appendix, we review the basics of the theory of strain gradient elasticity of
Helmholtz type given by Lazar and Maugin [30], Lazar et al. [31], Lazar [28, 29]. In
particular, we give the fundamentals of strain gradient elasticity of Helmholtz type
including the equilibrium condition in terms of the Cauchy stress tensor and double
stress tensor.
In isotropic gradient elasticity of Helmholtz type, the strain energy density is of the
form
W =
1
2
Cijklβijβkl +
1
2
ℓ2Cijkl∂mβij∂mβkl , (A.1)
where Cijkl is the isotropic tensor of the elastic moduli given by
Cijkl = µ
(
δikδjl + δilδjk
)
+ λ δijδkl . (A.2)
Here µ and λ are the Lame´ moduli, and ℓ is the characteristic length of gradient elasticity
of Helmholtz type.
The Cauchy stress tensor reads
σij =
∂W
∂eij
= Cijklβkl , (A.3)
where eij = 1/2(βij + βji) is the elastic strain tensor and βij is the elastic distortion
tensor. The double stress tensor reads
τijk =
∂W
∂(∂keij)
= ℓ2Cijmn∂kβmn = ℓ
2∂kσij . (A.4)
The equilibrium condition (for vanishing body forces) in terms of the Cauchy stress
tensor and double stress tensor is given by
∂j(σij − ∂kτijk) = 0 . (A.5)
In presence of defects such as dislocations, the total distortion tensor βTij can be decom-
posed into an elastic distortion part βij and a plastic distortion part β
P
ij as follows
βTij := ∂jui = βij + β
P
ij , (A.6)
where ui denotes the displacement vector. Since dislocations cause self-stresses, body
forces are zero. The dislocation density tensor can be defined in terms of the plastic
and elastic distortion tensors as follows (e.g., [22])
αij = −ǫjkl∂kβPil , or αij = ǫjkl∂kβil . (A.7)
The dislocation density tensor satisfies the dislocation Bianchi identity
∂jαij = 0 , (A.8)
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which means that a dislocation cannot end inside the medium. Then the equilibrium
condition reads in terms of the displacement vector and the plastic distortion tensor
LLikuk = Cijkl∂jLβ
P
kl , (A.9)
where L = 1 − ℓ2∆ is the (modified) Helmholtz operator and Lik = Cijkl∂j∂l is the
Navier operator. Using the two inhomogeneous Helmholtz equations
Luk = u
0
k , (A.10)
LβPkl = β
P,0
kl , (A.11)
we obtain the Navier equation known from classical eigenstrain theory [48]
Liku
0
k = Cijkl∂jβ
P,0
kl . (A.12)
Therefore, the fields u0k and β
0
kl may be identified with the classical displacement vector
and classical plastic distortion tensor of classical incompatible elasticity theory of dislo-
cations. Finally, using Eqs. (A.9) and (A.11), the displacement vector uk is determined
by the inhomogeneous Helmholtz-Navier equation [28, 29]
LLikuk = Cijkl∂jβ
P,0
kl , (A.13)
where the right hand side is given by the gradient of the classical plastic distortion
tensor (classical eigendistortion). In addition, the elastic distortion tensor βkm satisfies
the inhomogeneous Helmholtz-Navier equation [28, 29]
LLikβkm = −Cijklǫmlr∂jα0kr , (A.14)
where the right hand side is given by the gradient of the classical dislocation density
tensor α0kr.
B Characteristic lengths of strain gradient elastic-
ity for some cubic materials
An important issue in strain gradient elasticity theory is the determination of the char-
acteristic lengths in addition to the elastic constants. In Table 2, the characteristic
lengths ℓ1 and ℓ2 of Mindlin’s isotropic strain gradient elasticity theory [45] are re-
ported for several fcc and bcc crystals determined by ab initio density functional theory
(DFT) method [61]. From Mindlin’s characteristic lengths ℓ1 and ℓ2, we can determine
the corresponding characteristic length of gradient elasticity of Helmholtz type via (see
Table 2)
ℓ =
ℓ1 + ℓ2
2
. (B.1)
Thus, the characteristic length ℓ is the average of the two characteristic lengths ℓ1 and
ℓ2 of Mindlin’s isotropic gradient elasticity theory [60]. It is remarkable that for the
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Table 2: Calculated characteristic lengths and equilibrium lattice parameter for several
fcc and bcc crystals via ab initio [61].
Material Crystal ℓ1(A˚) ℓ2(A˚) ℓ =
ℓ1 + ℓ2
2
(A˚) a(A˚) ℓ/a
Ir fcc 2.1523 1.8217 1.9870 3.87 0.51
Pt fcc 2.4480 1.6353 2.0416 3.92 0.52
Al fcc 2.3415 1.6582 1.9998 4.05 0.49
W bcc 1.6460 2.2026 1.9243 3.15 0.61
V bcc 1.5519 2.1710 1.8614 3.02 0.62
Mo bcc 1.6380 2.2438 1.9409 3.16 0.61
three fcc-crystals, it holds ℓ/a ≈ 0.5, and for the three bcc-crystals, it holds ℓ/a ≈ 0.6
(see Table 2).
Only a few cubic crystals such as tungsten (W) and aluminum (Al) are elastically
isotropic or nearly isotropic materials [6]. Thus, tungsten (W) is a proper material to
test the theory of isotropic strain gradient elasticity of Helmholtz type and is used for
the numerical analysis in this work.
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